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We examine an extension of General Relativity with an explicit non-minimal coupling
between matter and curvature. The purpose of this work is to present an overview of
the implications of the latter to various contexts, ranging from astrophysical matter
distributions to a cosmological setting. Various results are discussed, including the im-
pact of this non-minimal coupling on the choice of Lagrangian density, on a mechanism
to mimic galactic and cluster dark matter, on the possibility of accounting for the ac-
celerated expansion of the Universe, energy density fluctuations and modifications to
post-inflationary reheating. The equivalence between a model exhibiting a non-minimal
coupling and multi-scalar-theories is also discussed.
Keywords: Non-minimal coupling; Dark Matter; Dark Energy.
1. Introduction
The origin and nature of dark energy and dark matter are among the most chal-
lenging problems of contemporary cosmology. Research on these dark components
of the Universe may be divided into two main possibilities: one assumes Einstein’s
General Relativity (GR) and thus focuses on the search for the dark matter and
dark energy contributions; or, alternatively, one assumes that there are important
deviations from GR and that dark energy and dark matter can be evaded partially
or entirely.
When addressing dark matter [1], the first approach relies on the characteriza-
tion of additional matter species, arising from extensions to the Standard Model of
particles, collectively dubbed as weak-interacting massive particles (WIMPS) such
as, for instance, neutralinos or axions.
Likewise, the nature of dark energy usually involves the addition of a new scalar
field, which slow-rolls down an adequate potential — quintessence [2]. A putative
unification of dark matter and energy has also been suggested, by resorting to
a scalar field [3] or an exotic equation of state (EOS), such as the generalized
Chaplygin gas [4,5,6].
1
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The second approach follows a quite different route, as it assumes that GR is at
fault. Thus, several attempts to generalize GR have emerged: these correspond most
often to low-energy modifications of Einstein’s theory that should be derived from
a yet unknown high-energy, fundamental theory of gravitation. In a cosmological
context, modifications of the Friedmann equation to include higher order terms in
the energy density ρ have been proposed [7,8,9], as well as considerations of the
impact of a van der Waals EOS for matter [10].
Changes to the action functional provide a simple pathway for implementing
covariant extensions to GR: a straightforward approach replaces the linear scalar
curvature R term in the Einstein-Hilbert action with a function f(R) [11,12] (see
[13] for a review); more complex dependences may also be explored, as considered
in Gauss-Bonnet models [14].
These classes of f(R) theories enjoy considerable success in several fronts, in-
cluding the puzzle of the missing “dark” matter in galaxies and clusters [15,16], as
well as the nature of “dark” energy [17]; the early period of rapid expansion of the
universe is described by the Starobinsky inflationary model f(R) = R + αR2 [18];
local Solar system impact and the related parameterized post-Newtonian (PPN)
metric formalism have also been studied [19].
Given the promising results arising from f(R) theories, one is naturally tempted
to further generalize this model. Thus, another interesting possibility is that the
coupling between matter and geometry is non-minimal [20], as written below:
S =
∫
[κf1(R) + f2(R)L]
√−gd4x . (1)
where κ = c4/16πG, L is the matter Lagrangian density and fi(R) (i = 1, 2) are
functions of the scalar curvature. A minimal change in GR would correspond to the
choice f1(R) = R.
The purpose of this work is to present an overall view of several developments
that arise from this framework in a wide range of scenarios [21,22,23,24,25,26,27,28,
29]. Other results not discussed here include the issue of stellar stability [30] and the
Newtonian limit [31], energy conditions [32], time machines and wormhole solutions
[33] and the mimicking of a cosmological constant at an astrophysical scale [34],
which show the versatility and richness of non-minimally coupled theories.
2. The model
Variation of the action, Eq. (1), with respect to the metric yields the field equations,
2 (κF1 + F2L)Gµν = 2∆µν (κF1 + F2L)− [κ(F1R− f1)+F2LR]gµν + f2Tµν , (2)
where ∆µν ≡ ∇µ∇ν − gµν and Fi(R) ≡ f ′i(R). As expected, GR is recovered by
setting f1(R) = R and f2(R) = 1. By taking the trace of the above, one gets
κ(F1R − 2f1) + F2LR = 1
2
f2T − 3 (κF1 + F2L) , (3)
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where T is the trace of the matter energy-momentum tensor. The usual f(R) theo-
ries are recovered by setting f2(R) = 1, so that Eq. (3) yields an algebraic relation
for R = R(T ). However, if one considers a non-minimal coupling f2(R) 6= 1, the
above becomes a differential equation: in particular, this enables the possibility that
F2L may vary considerably for high curvatures.
2.1. Non-conservation of energy-momentum
The Bianchi identities may be used to derive the non-(covariant) conservation of
the energy-momentum tensor,
∇µT µν = F2
f2
(gµνL− T µν)∇µR . (4)
In the absence of a non-minimal coupling, f2(R) = 1, one recovers the covariant
conservation of the energy-momentum tensor.
Eq. (4) leads to as an extra force imparted on a test particle,
fµ =
1
ρ+ p
[(L+ p)∇ν log f2 +∇νp]hµν , (5)
so that their trajectory will deviate from geodesic motion. Thus, the Equivalence
Principle may be violated if the r.h.s. of the above is non-vanishing.
This is a distinct new feature of theories following Eq. (1): indeed, while in
Jordan-Brans-Dicke theories the curvature appears coupled to a scalar field [35],
leading to expressions similar to Eq. (4), this non-conservation may be transformed
away by a suitable conformal transformation to the Einstein frame (where the
curvature appears uncoupled) [36].
This is not the case of the non-minimally coupled model here discussed: indeed,
performing the conformal transformation gµν → g˜µν = f2gµν , one finds that the
transformed energy-momentum tensor, T˜µν , is covariantly conserved only for mat-
ter species satisfying T˜ µν = f−22 T
µν and 2L = T (see Ref. [37] for a thorough
discussion) — in particular, the choices L = −ρ and L = p [22] lead to the EOS
p = −ρ/3 and p = ρ, respectively.
Thus, one concludes that the non-conservation of the energy-momentum ten-
sor Eq. (4) is indeed an intrinsic characteristic of non-minimally coupled theories,
instead of an artefact of the choice of frame of reference.
3. Equivalence with multi-scalar-tensor models
As mentioned in section 2, through a suitable conformal transformation, the usual
f(R) theories can be rewritten as GR with an added scalar field contribution, which
is dynamically identified with the curvature, φ = R. Similarly, the discussed non-
minimally coupled model Eq. (1) can be recast as a multi-scalar field theory, with
two scalar fields, albeit a “physical” metric remains in the matter Lagrangian [21].
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Indeed, by performing a conformal transformation gµν → g˜µν = exp[(2/
√
3)ϕ1]gµν ,
the equivalent action is obtained,
S =
∫ √
−g˜d4x
[
f2(ϕ
2)e
−
2√
3
ϕ1L(gµν , χ) + 2κ
(
R− 2g˜µνσijϕi,µϕj,ν − 4U
) ]
, (6)
where χ denotes all matter fields, ϕ1 and ϕ2 are scalar fields related to the scalar
curvature and matter Lagrangian density through
ϕ1 =
√
3
2
log
[
F1(R) + F2(R)L
2κ
]
, (7)
and ϕ2 = R; σij is the field-metric
σij =
(
1 1
−1 0
)
, (8)
and the potential is given by
U(ϕ1, ϕ2) =
1
4
exp
(
−2
√
3
3
ϕ1
)[
ϕ2 − f1(ϕ
2)
2κ
exp
(
−2
√
3
3
ϕ1
)]
. (9)
Notice that the effective metric in this Lagrangian density (used for contractions in
kinetic terms, etc.) is not g˜µν , but instead the metric gµν = exp[−(2/
√
3)ϕ1]g˜µν .
4. Lagrangian density for a perfect fluid
The discussion of the preceding section serves to show another striking feature of
non-minimally coupled models: the Lagrangian density of matter appears explicitly
in the field equations. In particular, one focuses on the case of a perfect fluid, given
its ubiquity as a useful description for matter in the Universe. Its energy-momentum
tensor has the familiar form
Tµν = (ρ+ p)uµuν + pgµν , (10)
where ρ is the energy density, p the pressure and uµ the four-velocity (with uµu
µ =
−1); its trace is T = 3p − ρ. The associated Lagrangian density is not usually
discussed, because it is absent from the field equations of GR: in applications of
GR, the choice of Lagrangian density is mostly irrelevant, while it is of the utmost
importance when considering a non-minimal coupling [22].
The identification L = p was first advanced in Ref. [38], with a relativistic
generalization in Ref. [39]. Much later, it was shown that this choice is equiva-
lent to L = −ρ, implemented by a suitable set of thermodynamical potentials and
Lagrangian multipliers φµ = ϕ,µ+sθ,µ+βAα
A
,µ; these enable the relativistic thermo-
dynamical relations via a current term Jµφ
µ in the action, where Jµ is the vector
density, i.e. the flux vector of the particle number density [40]. In Ref. [41], an
isentropic perfect fluid is described via L = −ρ.
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The equivalence between Lagrangian densities occurs on-shell, by substituting
the field equations derived from the matter action
Sm =
∫ (−√−gρ+ Jµφµ) d4x , (11)
back into the action functional, leading to the resulting on-shell Lagrangian density
L1 = p. Similarly, the action may be rewritten so that the on-shell Lagrangian
density reads L2 = na, where n = |J |/√−g is the particle number density and
a(n, T ) = ρ(n)/n−sT , where s is the entropy per particle and T is the temperature.
Lastly, one may remove the current term Jµφ
µ/
√−g from Eq. (11), thus obtaining
the on-shell Lagrangian density L3 = −ρ through the addition of adequate surface
terms.
Having this in mind, one now describes how should the procedure could be
generalized to a non-minimally coupled scenario. This should affect the terms in
Eq. (11) that are minimally coupled, so that the matter action becomes
S′m =
∫ (−√−gf2(R)ρ+ Jµφµ) d4x , (12)
while the current term remains uncoupled (aside from the use of the metric to
contract indexes). Varying the action with respect to the potentials included in φµ,
one obtains
−f2µUα = φα , T = 1
n
∂ρ
∂s
∣∣∣∣∣
n
=
1
f2(R)
θ,αU
α , (13)
where µ is the chemical potential and θ is a scalar field (included in φµ) whose
equation of motion imposes the entropy exchange constraint (sJµ),µ = 0. Thus,
the non-minimal coupling of curvature to matter is reflected in both the velocity
and the temperature identifications.
By substituting the modified equations of motion into action (12), an on-shell
Lagrangian density L1 = p may be read, as in GR. The addition of surface integrals
also yields the discussed L2 = −ρ and L3 = −na.
Even though the action may adopt distinct on-shell forms, this does not imply an
equivalence between them: only the original bare Lagrangian density L0 should be
inserted into the field equations Eq. (2). However, this bare L0 should not appear
into the non-conservation law: indeed, when deriving Eq. (4), the current term
(which is not coupled with the metric) is dropped and one is indeed left with
L2 = −ρ.
Given these considerations, one can adopt a simpler stance regarding the choice
of the Lagrangian density L = −ρ instead of L = p: if a dust distribution is to
be considered — that is, a perfect fluid with negligible pressure and corresponding
energy-momentum tensor Tµν = ρgµν —, it appears unnatural to take a vanishing
quantity as Lagrangian density.
Finally, one remarks that if a matter form is actually described by two inde-
pendent bare Lagrangian densities leading to different dynamical behaviour of Eqs.
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(2) and (4), then only through direct observation one can be sure about the correct
description.
5. Galactic dark matter mimicking
One now reviews the mechanism of dark matter mimicking to account for the
flattening of the rotation curves of galaxies [23]. In order to isolate the effect of
the non-minimal coupling, one sets f1(R) = 1 and assumes a power-law
f2(R) = 1 +
(
R
Rn
)n
. (14)
Since the dark matter contribution is dominant at large distances i.e. low curva-
tures, a negative exponent n is expected.
Inserting this into the field Eq. (2), together with the Lagrangian density L = −ρ
for a dust distribution with p = 0, yields[
1− n
(
R
Rn
)n
ρ
κR
]
Rµν − 1
2
Rgµν = (15)[
1 +
(
R
Rn
)n]
ρ
2κ
UµUν − n∆µν
[(
R
Rn
)n
ρ
κR
]
.
At large distances, normal matter is subdominant and the trace Eq. (3) reads
R = (1− 2n)
(
R
Rn
)n
ρ
2κ
− 3n
[(
R
Rn
)n
ρ
κR
]
. (16)
An exact solution is obtained if the last term vanishes:
R = Rn
[
(1− 2n) ρ
ρn
]1/(1−n)
, (17)
defining the characteristic density ρn = 2κRn.
A more evolved study of Eq. (16) shows that the most general solution oscillates
around the one above: this makes the gradient term actually dominate Eq. (16), and
also allows for a perturbative solution f2(R) ∼ 1. As numerical results show, one
may disregard these oscillations and simply consider Eq. (17) [23]. A perturbative
non-minimal coupling is paramount: it makes the mimicking mechanism satisfy
both that the weak, strong, null and dominant energy conditions; grants immunity
against Dolgov-Kawasaki instabilities [42] (see also Ref. [32]); and turns the extra
force arising from Eq. (4) very small.
Now, instead of solving Eq. (15), obtaining a modified gravitational potential
and then reading the mimicked dark matter contribution, one interprets the ad-
ditional curvature obtained from the non-minimal coupling as due to the density
profile of the latter,
ρdm ≡ 2κR = ρn
[
(1− 2n) ρ
ρn
]1/(1−n)
. (18)
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Thus, one gets a relationship between a visible matter profile ρ and the mimicked
dark matter distribution ρdm, with n related to the large radius behaviour of both
contributions.
The mimicked dark matter may be further characterized by inserting Eq. (17)
into Eq. (15), and reading the obtained terms as due to a corresponding energy-
momentum tensor. The resulting EOS parameter for “dark matter”,
w =
pdm
ρdm
=
n
1− n , (19)
is then obtained. For a negative exponent n, one has w < 0, hinting at at possible
cosmological role in enabling an accelerated expansion of the Universe, as will be
discussed in a following section.
In order to fit the galaxy rotation curves of several galaxies (NGC 2434, 5846,
6703, 7145, 7192, 7507 and 7626, which are almost spherical E0 type galaxies with
well determined rotation curves [43]), one resorts to the Hernquist profile for visible
matter [44], which behaves as
ρ(r) ∼ a
r
(
1 +
r
a
)
−3
, (20)
and the Navarro-Frenk-White [45] and isothermal sphere profiles for mimicked dark
matter: the latter enables a perfectly flat rotation curve, while the former is favored
by numerical simulations:
ρIS(r) ∼ r−2 , ρNFW (r) ∼ a
r
(
1 +
r
a
)
−2
, (21)
with a signalling the transition between inner and outer slope profiles. Given the
outer slope behaviour ρ(r) ∼ r−4, ρIS(r) ∼ r−2 and ρNFW (r) ∼ r−3, the relation
ρdm(r) ∝ ρ(r)1/(1−n) yields the exponents nIS = −1 and nNFW = −1/3 that
translate the Hernquist profile into the two above. Thus, one is led to consider the
composite non-minimal coupling
f2(R) = 1 +
R−1
R
+
3
√
R−1/3
R
. (22)
The values of the model parameters R−1 and R−1/3 are obtained from fitting the
result of the numerical integration of Eq. (15) to the available galaxy rotation
curves. From this, one concludes that R−1 ∼ 1/(16.8 Gpc)2 and R−1/3 ∼ 1/(1.45×
106 Gpc)2. Fig. 1 shows the fit to NGC 5846 [23].
Allowing for individual fits of these parameters to each of the considered galax-
ies shows that there is some dispersion, which can be attributed to deviations from
sphericity, poor choice of visible or dark matter density profiles, unaccounted effect
of a non-trivial f1(R) 6= R term or the non-minimal coupling with the electro-
magnetic sector (thus enabling a dependence on luminosity), etc.. Nevertheless, the
quality of the obtained fits and the elegance of the mimicking mechanism provides
a robust example of its ability to account for the flattening of the galaxy rotation
curves.
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NGC 5846
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Fig. 1. Observed rotation curve (dashed full), decomposed into visible (dotted) and dark mat-
ter (dashed grey) contributions, with mimicked dark matter profile (full grey) and resulting full
rotation curve (full).
6. Cluster dark matter mimicking
The mimicking mechanism described in the previous section can also be suitably
applied to the description of dark matter at the cluster scale, through the appli-
cation of Eq. (18). Ref. [24] studies the high-quality data of the Chandra sample
of galaxy clusters (A133, A262, A383, A478, A907, A1413, A1795, A1991, A2029,
A2390, RX J1159+5531, MKW 4, USGC S152 and A586), which are almost viri-
alized and spherical clusters [46]. The density profile for the visible matter present
in the cluster assumed to be given by a generalized NFW model,
ρ = ρ0
(r/rc)
−α
(1 + r2/r2c )
3β−α/2
, (23)
so that ρg ∼ (r/rc)−α, in inner regions, and ρg ∼ (r/rc)−3β for outer regions.
Notice that, contrary to the case for galaxies, in clusters one does not have a
dominance of visible matter over dark matter for inner regions; as such, one cannot
simply use Eq. (18) to establish a link between the outer slope of their densities,
but has also to consider its inner behaviour (for r ≪ rc). This indicates that, for
each cluster, two exponents n of the power-law non-minimal coupling Eq. (14) are
obtained from Eq. (18), translating either the inner or outer slope of the visible
matter density profile into that of dark matter.
Furthermore, the value of the parameter n should be the same for all clusters:
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Fig. 2. The obtained dark matter mimicked profile using a power-law function fixed at n = 0.2
(dashed), along with the density profiles for dark matter (black) and visible (gray) components
for the A383 cluster.
thus, one must perform a simultaneous fit of the observed dark matter component
of all clusters to the density profile obtained from Eq. (18) for a single n.
Numerically, one finds that the best fit occurs for n = 0.2, as depicted in Fig.
(2) for the Abell 383 cluster, here chosen for illustration. Once again, one highlights
that the dominance of dark matter at all distances implies that the exponent n does
not have to be negative — contrary to what occurs in galactic dark matter, where
n < 0 was required in order to account for the short-range dominance of visible
matter over the latter. Also, notice that Eq. (19) yields a positive EOS parameter
w = n/(1− n) = 0.25.
In Ref. [24], it is shown that the mimicked dark matter profile does not depend
on the characteristic lengthscale rn, provided that the non-minimal coupling Eq.
(14) is perturbative, f2(R) ≈ 1 — leading to the bound r0.2 . 0.1 kpc. The more
stringent bound, rn . 10
−13 kpc, is obtained by demanding that the effect of
the non-minimal coupling does not lead to an extra force (derived from the non-
conservation of the energy-momentum tensor of matte) larger than the Newtonian
force. The latter constraint and the best-fit exponent n = 0.2 yield a perturbative
non-minimal coupling f2(R) ∼ 1 + 10−8.
The independence of the mimicked dark matter profile on the lengthscale rn
stems from the fact that Eq. (16) can be recast in a dimensionless form, such that the
latter is effectively absorbed and does not impact the obtained numerical solution.
Physically, this reflects the fact that there is no physical lengthscale against which
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rn can be gauged, as dark matter dominates at all scales, instead of only above a
particular distance (such as rc).
Both the depicted A383 cluster and other clusters studied in Ref. [24] present
smooth density profiles for visible and dark matter; as such, the mimicking mech-
anism presented in the previous section can account for the latter in a very satis-
factory manner.
7. Post-inflationary reheating
In this section one discusses the possibility of using a non-minimal coupling to drive
the reheating of the Universe after inflation [26]. One does not attempt to drive the
dynamics of inflation itself through the effect of f2(R), but instead assumes the well-
known Starobinsky inflation model [18]— which resorts to a quadratic curvature
term
f1(R) = R+
R2
6M2
, (24)
with M ∼ 3× 10−6MP .
However, a non-minimal coupling is fundamental in the so-called preheating
mechanism: the reheating of the ultracold post-inflationary Universe due to the ex-
plosive production of particles, occurring when the quantum scalar field χ, endowed
with a varying mass term, m2eff = m
2+ ξR, experiences parametric resonance [47].
More evolved couplings also lead to preheating, as found in Refs. [48,49].
This hints that the non-minimally coupled action (1) may generalize the pre-
heating scenario. Given the form of the variable mass term meff , one assumes a
linear coupling
f2(R) = 1 + 2ξ
R
M2
. (25)
Since the curvature is coupled to matter and radiation, besides the scalar field χ, one
must ensure that the cosmological dynamics is driven by the effect of the quadratic
curvature term Eq. (24) alone — i.e. that the non-minimal coupling intervenes
solely during preheating. As shown in Ref. [26], this implies a perturbative regime
f2(R) ∼ 1 and that 1 < ξ < 104, compatible with the weak bound ξ ≪ 1078
obtained from considerations on solar hydrostatic equilibrium [30].
Decomposing the scalar field χ into its Fourier modes χk, one finds that they
follow the differential equation
X ′′k +
[(
2k
aM
)2
+
(
2m
M
)2
− 3H
′
M
− 9H
2
M2
+ (26)
ξ
M2
(
ξ
R′2
M2
− 6HR
′
M
−R′′
)]
Xk = 0 .
using the redefinition
Xk ≡ a3/2f1/22 χk ∼ a3/2χk , (27)
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where the primes denote differentiation with respect to the variable z (depending
on the sign of ξ), defined as
2z =M(t− to)± π
2
. (28)
After slow-roll, the Hubble parameter H(t) experiences an oscillatory phase, so
that R ∼ (2M2/z) cos(2z); the R′′ term dominates and one rewrites the above as
a Mathieu equation,
X ′′k + [Ak − 2q cos(2z)]Xk = 0 , (29)
with
Ak =
(
2k
aM
)2
+
(
2m
M
)2
, q =
4ξ
z
. (30)
Eq. (29) is the same form encountered in usual preheating [47]: the quantum field
χ experiences parametric resonance as the scale factor a(t) increases, with massless
particles produced for a coupling parameter as low as ξ & 3, while massive particles
require ξ & 10 — well within the range 1 < ξ < 104 discussed above. Thus, one
finds that a universal non-minimal coupling can successfully drive the reheating of
the post-inflationary Universe.
8. Accelerated expansion of the Universe
This section discusses the possibility of using a non-minimal coupling to describe
the current phase of accelerated expansion of the Universe [25]. One focuses on a
constant deceleration parameter q ≡ −a¨a/(a˙)2 = 1/β − 1, which translates into
a power-law expansion with the scale factor evolving as a(t) = a0(t/t0)
β , with
t0 = 13.73 Gy.
This suggests the use of a power-law for the non-minimal coupling too (see
previous section). Thus, one again considers Eq. (14), with the exponent n assumed
to be negative — so that the accelerated expansion phase appears at late times,
when R≪ Rn.
This accelerated expansion is obtained in a rather straightforward fashion:
assuming a flat Friedmann-Robertson-Walker (FRW) metric with line element
ds2 = −dt2 + a2dV 2 and that matter is described by a perfect fluid with den-
sity ρ and pressure p, one has T00 = ρ and Trr = a
2p. One then uses L = −ρ and
Eq. (4) to ascertain that energy is covariantly conserved in a cosmological context,
∇µT µ0 = F2
f2
(
g00L − T 00) R˙ = 0→ ρ˙+ 3Hρ = 0→ ρ(t) = ρ0
(
t0
t
)3β
. (31)
where ρ0 = Ωmρcrit, with Ωm ∼ 0.3 the relative matter density and ρcrit ∼
10−26 kg/m3 the critical density [50].
One uses this result together with Eq. (2) to compute the modified Friedmann
equation
H2 =
1
6κ
(ρ+ p+ ρc + pc) , (32)
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where the additional density ρc and pressure pc terms are introduced,
ρc = −6ρ0β 1− 2β + n(5β + 2n− 3)(
t
t0
)3β (
t
t2
)2n
[6β(2β − 1)]1−n
, (33)
pc = −2ρ0n2 + 4n
2 − β(2 + 3β) + n(8β − 6)(
t
t0
)3β (
t
t2
)2n
[6β(2β − 1)]1−n
.
after defining tn ≡ R−1/2n in the weak regime F2ρ≪ κ [25].
Given the Hubble parameter
H(t) ≡ a˙
a
=
β
t
, (34)
the l.h.s. of the Friedmann Eq. (32) falls as t−2, so that comparing with the above
gives a relation between the exponents β and n:
3β + 2n = 2→ β = 2
3
(1− n) . (35)
Thus, one concludes that any negative exponent n will yield an accelerating Uni-
verse for which β > 0 and q < 0 at late times. One may also compute the deceler-
ation parameter and EOS parameter for the non-minimally coupled contribution,
q = −1 + 3
2(1− n) , w =
n
1− n . (36)
The latter is the same form found in the previous section. By fitting the numerical
solution of Eq. (32) to the evolution profile of q(z) [51], one obtains the best fit
values n = −10 and t−10 = t0/2, depicted in Fig. 3.
This value for the exponent n is very distinct from the nIS = −1 and
nNFW = −1/3 scenarios considered in the previous section. However, these have
no cosmological impact on the current scenario, given the broad difference between
the relevant timescale t0 and those obtained from t−1 ≡ R−1/2−1 and t−1/3 ≡ R−1/2−1/3.
The value n = −10 may also be regarded as somewhat unnatural, but is highly
dependent on the q(z) profile: Fig. 3 shows that n = −4, t2 = t0/4 also yields a
curve within the allowed 3σ region. Thus, despite this caveat, one concludes that
a non-minimal coupling may be used to describe the accelerated expansion of the
Universe.
9. Cosmological Perturbations
In this section one ascertains how the presence of non-trivial functions f1(R) and
f2(R) affects the evolution of cosmological perturbations — so that any deviation
from the usual GR dynamics can be used to probe the latter [27]. Indeed, it is
known that f(R) theories can leave characteristic imprints on the matter power
spectrum [52,53,54,55,56] and modify gravitational lensing [57].
Cosmological perturbations can be decomposed into scalar, vector and tensorial
modes [58]; however, since vector modes decay with the cosmological expansion and
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Fig. 3. Evolution of the deceleration parameter q(z) for n = −4, t2 = t0/4 (full) and n = −10,
t2 = t0/2 (dashed); 1σ, 2σ and 3σ allowed regions are shaded, white line gives best fit (cf. Ref.
[X]).
the tensorial ones are decoupled from the energy density or pressure because the
non-diagonal terms of the energy-momentum tensor of matter are zero, one focuses
solely on scalar perturbations — which grow during the expansion of the Universe
and lead to the formation of large scale structure (LSS). Thus, in the longitudinal
gauge [58], the perturbed FRW metric is
ds2 = −(1 + 2Φ) dt2 + a2(t)(1 − 2Ψ)g˜ijdxi dxj . (37)
One obtains the equations ruling the evolution of cosmological perturbations by
linearizing the modified field Eq. (2) and non-conservation of the energy-momentum
tensor Eq. (4). In particular, the non-diagonal components of the former yield the
relation
Φ−Ψ = −δ log
(
F1 − F2ρ
κ
)
, (38)
which should be contrasted with the identity Φ = Ψ obtained in GR.
The relevant scale for the formation of LSS corresponds to modes deep inside
the horizon during the matter dominated era, for which k2/a2H2 ≫ 1. Neglecting
time derivatives of the potentials and keeping only terms on the energy density
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fluctuations [59], one can show from the linearized field Eq. (2) that the generalized
Newtonian potential Φ obeys a modified Poisson equation,
Φ ≈ −4πG˜a
2
k2
δρ , (39)
with the modified gravitational constant G˜ given by
G˜
G
≡ 1 + 2
k2
a2R (2m1 −m2)
1 + 3 k
2
a2Rm1
Σ , (40)
introducing the weak lensing parameter Σ [60,61] and quantities m1 and m2,
Σ ≡ f2
F1 − F2ρκ
, m1 ≡= RκF
′
1 − F ′2ρ
κF1 − f2ρ , m2 ≡ R
f2
f2
. (41)
In GR, one has Σ = 1,m1 = m2 = 0, so that G˜ = G and the usual Poisson equation
is recovered.
By the same token, the equation for the second potential has also a Poisson
form,
Ψ ≈ −4πGsa
2
k2
δρ , s =
1 + 2 k
2
a2R (m1 +m2)
1 + 3 k
2
a2Rm1
Σ . (42)
In GR, one obtains s = 1, confirming that indeed Ψ = Φ, as expected.
Proceeding along these lines, Ref. [27] shows that the gauge-invariant matter
overdensity δm ≡ δρ/ρ + 3Hv (where v is the potential velocity, defined through
ui = −v,i) obeys the differential equation
δ¨m + (2H + Φ˙c)δ˙m − 4π(G˜+Gc)ρmδm ≃ 0 , (43)
with the coupling potential Φc ≡ log f2 acting as a friction force added to the effect
of the Hubble expansion, and the coupling
Gc
G
≡
− k2a2Rm2
(
1 + 6 k
2
a2Rm2
)
1 + 3 k
2
a2Rm1
Σ . (44)
Thus, the non-minimal coupling modifies the frictional term and the attractive
interaction; depending on the form of f2(R), these two effects can either reinforce
or oppose each other.
One now ascertains how the results presented above behave if the non-minimal
coupling has a power-law form Eq. (14) with a negative exponent n — required to
drive the accelerated expansion of the Universe, as discussed in Section 8. One gets
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Σ =
(
R
Rn
)n
1− 2nκρR
(
R
Rn
)n ≈


1 +
(
1 + 2nκρR
) (
R
Rn
)n
,
(
R
Rn
)n
≪ 1
− 12n Rκρ ,
(
R
Rn
)n
≫ 1
, (45)
along with
m1 =
2n (1− n) κρmR
(
R
Rn
)n
1− 2nκρmR
(
R
Rn
)n ≈


2n (1− n) κρmR
(
R
Rn
)n
,
(
R
Rn
)n
≪ 1
n− 1 ,
(
R
Rn
)n
≫ 1
,
m2 = n
(
R
Rn
)n
1 +
(
R
Rn
)n ≈


nf2 ,
(
R
Rn
)n
≪ 1
n ,
(
R
Rn
)n
≫ 1
, (46)
and
Φ˙c = n
(
R
Rn
)n
1 +
(
R
Rn
)n R˙R ≈


n
(
R
Rn
)n
R˙
R ,
(
R
Rn
)n
≪ 1
n R˙R ,
(
R
Rn
)n
≫ 1
. (47)
A negative exponent n implies that the non-minimal coupling is negligible at
early times, when the scalar curvature is high, R ≫ Rn, while becoming more
important as the Universe expands and the latter drops. Thus, one sees from Eq.
(46) that the quantities m1 and m2 rise from small values to those of order unity
(if n ∼ O(1)) when the accelerated expansion phase of the Universe is underway.
One also sees that, since the curvature decreases with time, for n < 0 the frictional
potential Φ˙c is positive, thus reinforcing the frictional term due to the Hubble
expansion.
In order to see how the matter fluctuations grow, one first ensures that, early
in the matter dominated era, the quantities mi are small enough to enable the
condition k2mi ≪ a2R: using Eq. (46), one has
G˜+Gc
G
≈
[
1− 2n (1 + n) k
2
a2R
(
R
Rn
)n]
Σ , (48)
so that the density perturbation δ ≡ δρ/ρ obeys the differential equation,
d2δ
d2N
+
1
2
dδ
dN
− 3
2
[1 +An(k, a)] δm = 0 , (49)
where N = log(a/a0) is the e-fold number and
An(k, a) ≡ k
2
a2R
(m1 − 4m2) = −2n (1 + n) k
2
a2R
(
R
Rn
)n
∼ a1−3n , (50)
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using a ∼ t2/3 → R ∼ H2 ∼ 1/t2 ∼ a−3 during the matter dominated era.
An approximate solution to Eq. (49) is given by
δ ∼ a1+ 6n(1+n)5(3n−1) k
2
a2RN
( RRn )
n
. (51)
In GR, the effect of the non-minimal coupling is absent and one recovers the linear
growth δ ∼ a. Notice that −1 < n < 0 leads to increased growth, and conversely
n < −1 decreases the generation of density perturbations.
As the curvature drops and the non-minimal coupling becomes more relevant
and starts driving the Universe towards a phase of accelerated expansion, the pa-
rameters mi become of order unity and one gets k
2mi ≫ a2R, so that repeating
the steps outlined above yields
G˜+Gc
G
≈ Gc
G
≈ −4 k
2
a2R
m22
m1
Σ ≈ 2n
n− 1
k2
a2
1
κ
, (52)
and, since ρ ∼ a−3, one finds that the interaction increases linearly G˜+Gc ∼ a.
At this stage, the dynamics of density perturbations is ruled by
d2δ
dN2
+
1
2
dδ
dN
+ Bn(k, a) δm = 0 , (53)
with
Bn(k, a) ≡ −6 k
2
a2R
m22
m1
(
R
Rn
)n
=
6n2
1− n
k2
a2R
(
R
Rn
)n
∼ a1−3n . (54)
An approximate solution to the equation above is
δ ∼ a 2(1−3n)N
√
6n2
1−n
k2
a2R
( RRn )
n
, (55)
yielding an accelerated growth of density perturbations.
As a conclusion, one highlights that the above results, Eqs. (51) and (55), to-
gether with the modified weak lensing parameter Σ expressed in Eqs. (41), (45),
allow in principle for a better discrimination of a putative non-minimal coupling
acting as dark energy. Furthermore, a negative exponent n is found to be not only
required to drive the late time accelerated expansion of the Universe, but is also
required by the constraint Σ > 0. Thus, one concludes that the dark energy model
presented in Section 8 does not, in principle, lead to an incompatibility with large
scale structure formation.
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10. Parameterized Post-Newtonian Formalism
This section briefly summarizes how one can assess the impact of the non-minimally
coupled theory Eq. (1) in the Solar System, by following the well-known Param-
eterized Post-Newtonian (PPN) Formalism. This extremely useful tool is based
upon an expansion of the metric elements and other quantities (energy-momentum
tensor, equations of motion, etc.) in powers of 1/c2, and successfully translates rel-
evant features of modified gravity theories into a set of so-called PPN parameters
(e.g. violation of momentum conservation, existence of a privileged reference frame,
amongst others deviations from GR). For simplicity, one focuses only on the β and
γ PPN parameters, which measure the amount of non-linearity affecting the super-
position law for gravity and the spatial curvature per unit mass, respectively, and
yield the PPN metric [62]
ds2 = −
[
1 +
2V
c2
+ 2β
(
V
c2
)2]
(c dt)2 +
(
1 + 2γ
V
c2
) (
dr2 + dΩ2
)
. (56)
where V is the gravitational potential.
By definition, General Relativity is parameterized in the PPN formalism by
β = γ = 1, while all remaining parameters vanish; measurements of the Nordtvedt
effect yield |β − 1| ≤ 2 − 3 × 10−4 [63], while Cassini radiometry indicates that
γ − 1 = (2.1± 2.3)× 10−5 [64] (see Refs. [65,66] for a discussion).
Aiming at describing f(R) theories through the PPN formalism, one assumes
that the curvature scalar R can be decomposed into a spatially varying com-
ponent R1(r) and a time dependent cosmological background component R0(t),
R(r, t) = R0(t) + R1(r) [19] (see also Refs. [67]); R0(t) is assumed to vary slowly
when compared with typical timescale of Solar System phenomena. This leads to
the modification of the metric, which is now written as a perturbation to the back-
ground Friemann-Roberton-Walker metric,
ds2 = − [1 + 2Ψ(r, t)] dt2 + a2(t) ([1 + 2Φ(r, t)] dr2 + r2dΩ2) , (57)
with the scale factor a(t) normalized as a(t0) = 1, where t0 is the present time.
A strong constraint derived from the application of the method outlined in Ref.
[19] is that the modification to the curvature induced by the matter source (the Sun,
in the case of the Solar System) is assumed to be perturbative, R1(r)≪ R0(t).
In Ref. [28], this method was expanded to include the presence of a non-minimal
coupling in Eq. (1). Its validity rests upon the set of conditions listed below:
• Long-range: The additional interaction resulting from non-trivial f1(R) and
f2(R) functions must be long-ranged, i.e. the related mass scale
May 11, 2018 10:34 WSPC/INSTRUCTION FILE WS49˙5
18 O. Bertolami and J. Pa´ramos
m2 =
1
3
[
−R0 + (58)
F1(R0) + F2(R0)(ρ+ ρcos)− 3 [F ′1(R0)− 2F ′2(R0)ρcos] + 6ρ F ′2(R0)
F ′1(R0)− 2F ′2(R0)(ρ+ ρcos)
]
,
must be small at Solar System scales, |mr| ≪ 1, both inside and outside
the central body. Here, ρ(r) is the density of the latter and ρcos(t) is the
cosmological background density.
• Perturbative regime: the condition R1(r) ≪ R0(t) must be obeyed, so
that the first-order expansions of Eq. (2) in a spherical spacetime used to
ascertain the PPN parameters β and γ are valid.
• Newtonian regime: the requirement that the potential Ψ is proportional to
M/r (with M the mass of the central body) leads to the condition inside
the spherical body
|2F2(R0)| ρ(r)≪ |F1(R0)− 2F2(R0)ρcos(t)| . (59)
If all of the above conditions are upheld, then the PPN parameter γ may be
read from
γ =
1
2
f2(R0) + 4F2(R0)R0 + 12 F2(R0)
f2(R0) + F2(R0)R0 + 3 F2(R0)
. (60)
Notice that inserting f1(R) = R and f2(R) = 1 into the above does not yield the
value γ = 1 found in GR, as the procedure used to obtain this expression is no longer
valid (as can be seen from the vanishing denominator in Eq. (58)). However, for non-
trivial forms for these functions, the stringent constraint γ− 1 = (2.1± 2.3)× 10−5
[64] should lead to strong constraints on the parameters characterizing f1(R) and
f2(R), or outright dismiss these [19].
In the present context, t is natural to resort to the model previously described
in Section 8 as driving the accelerated expansion of the Universe, i.e. considering a
power-law non-minimal coupling Eq. (14) with a negative exponent n < 0.
Using the expressions obtained in Ref. [25] for the cosmological component of
the scalar curvature R0(t) and density ρcos(t), and taking as density profile for the
Sun the expression below [68]
ρ = ρc0
[
1− 5.74 r
R
+ 11.9
( r
R
)2
− 10.5
( r
R
)3
+ 3.34
( r
R
)4]
, (61)
where R is the radius of the central body and ρc0 its central density, one may
ascertain the validity of the conditions listed before:
• Long-range regime |m|r ≪ 1 within the Solar System: leads to n≫ 10−25;
• Newtonian approximation: requires that n≪ 10−33;
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• Perturbative regime |R1| ≪ |R0|: one finds that R1/R0 ∼ 1/(1+n) (unless
the density of the central body is fine-tuned in an unphysical fashion so
that R1/R0 ≪ 1)) — which disallows a first-order expansion of relevant
quantities around R = R0(t), as second-order terms turn out to be of the
same order of magnitude (due to a cancelling factor 1 + n).
Given the incompatibility between the two ranges obtained for the exponent n
(and with the best fit values n = −4, −10 [25]), and the breaking of the perturbative
regime, one concludes that the model posited in Ref. [25] cannot be constrained
by Solar System observables using the method here summarized. Nevertheless, it
provides a useful tool to guide future research into the impact of a cosmologically
relevant non-minimal coupling in the Solar System.
11. Gravitational Collapse
One now discusses how the gravitational collapse of a spherical body of homoge-
neous dust is affected by a non-minimal coupling, thus generalizing the familiar
Oppenheimer-Snyder scenario (OS) [29]. In order to obtain a tractable problem,
one considers a linear f2(R) = 1 + ǫR/κ and a trivial f1(R) = R, highlighting the
effect of the former. Compatibility between a non-minimally coupled preheating
mechanism and Starobinsky inflation [26] dictates that the coupling strength is of
the order 109 < ǫ < 1013, as discussed in Section 7.
Although in Section 4 it was argued that L = −ρ, not L = p, is the most
adequate description of a perfect fluid [22], one assesses the physical impact of
both this form and L = p by writing L = −αρ: the former choice corresponds to
α = 1, while the latter is obtained by setting α = 0 (as the pressure vanishes in the
dust distribution). The parameter α thus acts as a binary variable, considerably
simplifying several calculations.
This, together with the energy-momentum tensor for dust and the adopted forms
for f1(R) and f2(R), leads to the modified field Eq. (2),
1
6
κa2ρ =
(
κ2 − ǫρ) k + [κ2 + (3α− 1)ǫρ] (a˙)2 + ǫ(α− 1)aa¨ρ , (62)
where a(t) is the scale factor and k the spatial curvature of the FRW metric de-
scribing the homogeneous collapse: the latter deviates from its value k0 in GR
through
k =
k0
1− 1+α2 ǫ0
, (63)
with ǫ0 ≡ ǫρ0/κ2. Assuming that the density of the spherical body before collapse
is much smaller than the typical density of neutron stars, ρ0 ≪ ρN ∼ 1018 kg/m3,
this is vanishingly small, ǫ0 ≪ 10−62.
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Fig. 4. Evolution of the scale factor for different values of ǫ0 = [10−3, 10−2, , 10−1, 1] (full line,
small, medium and large dash); dotted indicates ǫ0 = 0.
Using Eq. (3) and recalling that α is a binary variable, one may integrate Eq.
(4) to find
ρ(t) = ρ0
(
κ+ ǫR
κ+ ǫR0
)α−1 (a0
a
)3
=
ρ0a
−3
1 + ǫ(1− α) ρ02κ2 (a−3 − 1)
. (64)
Combining Eq. (62) and (64) yields the differential equation
a˙ = −
√
k(1− a)a
2 + (a+ 1)αǫ0
a3 + 2αǫ0
, a(t0) = 1 . (65)
Eqs. (65) and (64) shows that, if L = −ρ → α = 1, the gravitational collapse
deviates very weakly from GR; this is shown in Fig. 4, with unphysically large values
of ǫ0 depicted, for clarity. The usual dependence of the density on the scale factor
ρ ∼ a−3 is maintained, and a point-like singularity with infinite density reached.
The L = p → α = 0 case is much more interesting: although the scale factor
evolves qualitatively as in OS collapse (since Eq. (65) only includes the redefini-
tion of the spatial curvature k with respect to its value k0 in GR), the modified
dependence for the density, Eq. (64), yields a geometric point-like singularity with
a final finite density ρ → ρf = 2κ2/ǫ. Since ǫ is very large, this falls well below
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the Planckian domain, ρ → ρf ≪ M4P — although still many orders of magnitude
above the typical density of neutron stars.
To match the interior FRW metric with the outer Schwarzschild metric, one
inspects the behaviour of the extrinsic curvature Kab across the surface of the
body,
K+ab =
(
1− ǫα
κ2
ρ
)
K−ab +
ǫα
κ2
ρK−hab . (66)
where hab is the induced metric on the surface of the collapsing body.
In the L = p → α = 0 scenario, the extrinsic curvature is continuous, and
the mass M of the spherical body (derived from the gravitational potential in its
exterior) deviates from the usual gravitational mass M0 found in GR through
M =
M0
1− 12ǫ0
. (67)
Given the dependence on the initial density ρ0 = (ǫ/ǫ0)κ
2, event horizons at dif-
ferent distances arise from the collapse of stars with the same mass, but distinct
radius — thus breaking the no-hair theorem.
The alternative description L = −ρ→ α = 1 is problematic, since the matching
of the inner and outer spacetimes is unfeasible unless unnatural extra terms are
added to the boundary action, as thoroughly discussed in Ref. [29]. This can be re-
lated to the non-vanishing effective pressure peff ∼ Grr 6= 0 due to the non-minimal
coupling, reminiscent of the similar matching problem found in the gravitational
collapse of a homogeneous sphere with pressure in GR (see a related discussion in
Ref. [69]).
12. Conclusions and Outlook
A non-minimal coupling between geometry and matter has a broad range of im-
plications. These suggest that a non-minimal coupling should be a feature of a
fundamental quantum theory of gravity.
The analytic expressions of the non-minimal coupling considered may be re-
garded as an approximation to a more elaborated form for f2(R), each valid in a
particular regime: early vs. late time, central vs. long range, etc.. The latter could
perhaps be written as a sum of power-law terms, so that one could chart yet un-
probed terms of the above series by examining the dynamics of other phenomena
and environments.
Of course, outstanding challenges lie ahead, such as for instance, the dynamics
of active clusters such as the “bullet cluster” [70]; however, the obtained results
are encouraging and, of course, the search for the underlying fundamental quantum
gravity theory continues — and we believe that the requirement for an effective
theory that exhibits a non-minimal coupling becomes stronger with the results
obtained so far.
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